ABSTRACT We focus on the design of vector perturbation (VP) precoding for multiuser multiple-inputsingle-output (MU-MISO) broadcast channel systems where the centralized transmitter equipped with multiple antennas and communicates simultaneously to multiple single-antenna receivers. While conventional VP requires the feedback of the channel matrix at the transmitter for precoding and the power scaling factor at the receivers for detection, VP precoding has so far been developed and analyzed under assumptions that the transmitter has perfect channel state information (CSI) or the receivers have perfect knowledge of the channel-and data-dependent power scaling factors. In practical limited feedback scenarios, wireless communication systems suffer from limited time and frequency resource for pilots to feed-forward information and only a quantized version of power scaling factors is available at the receivers; under such limitations, the performance of VP precoding will degrade significantly compared with ideal scenarios and would always encounter an error floor at mid-to-high signal-to-noise ratio (SNR) regions. Motivated by such observations, we propose a robust VP precoder design, which takes the imperfectness of CSI and power scaling factor jointly into account under the criterion of minimum mean-square error (MMSE). The closed-form expressions of the proposed precoder are then derived. As illustrated by the simulation results, the proposed VP precoder is less sensitive to CSI and power scaling factor imperfections compared with the classic VP precoder and other existing MMSE-based VP precoders, as it has a lower error floor when imperfectness is assumed to be fixed, and power scaling factor accuracy is shown to offer a non-linear performance gain compared with that of the linear gain CSI accuracy could offer.
I. INTRODUCTION
As is well known, multiple-input multiple output (MIMO) systems can provide higher sum rates compared with single antenna systems [1] . For the downlink of MIMO, as it can serve more than one user at the same time, is so-called broadcast channel (BC). In paper [2] , dirty paper coding (DPC) [3] is proved optimal to access the sum capacity of MIMO BC, but there are many challenges to put DPC into practice, to circumvent this problem, many sub-optimal precoding techniques have been proposed, most of which fall into two categories: linear precoding (LP) schemes and non-linear
The associate editor coordinating the review of this manuscript and approving it for publication was Hayder Al-Hraishawi. precoding (NLP) schemes. Zero-forcing (ZF) [4] precoding (or channel inversion, CI) and minimum mean square error (MMSE) [5] are among the most popular linear precoding schemes, which enjoy a lower complexity but suffer a performance loss compared with non-linear precoding schemes particularly when the number of users and base-station antennas are the same, the poor performance is due to the large spread in the singular values of the channel matrix [6] . Vector perturbation (VP) precoding [7] is a promising non-linear precoding technique which has been proven that could achieve full diversity order [8] but with much lower complexity compared with DPC.
With VP precoding, the transmitter adds a Gaussian (complex) integer vector to the modulated data vector and generates the transmit vector by multiplying the perturbed vector with a precoding matrix P, e.g. in conventional VP precoding [7] , which we will refer to this scheme as CVP, the precoding matrix is the pseudo-inverse matrix of channel matrix H. For CVP, the channel state information (CSI) is assumed known to the transmitter perfectly, which means CSI is estimated exactly at the receiver and feedback to the transmitter without error and delay in advance of the data transmission. The transmitter selects the precoding matrix to mitigate the inter-user interference and then solve the perturbation vector under the criterion of reducing unscaled transmit power [7] , which is an integer-lattice least-square (ILLS) problem [10] , for which there exists a large number of exact [9] and approximate [11] algorithms. Throughout this paper, we deal it with so-called sphere decoder [11] . The receivers then recover the data vector by multiplying a power normalization factor, then pass the normalized vector through a modulo operator to eliminate the effect of perturbation vector, and finally map the result to the nearest constellation. In [13] , a joint optimal precoding matrix and perturbation design has been put forward to balance the noise enhancement and residual inter-user interference under the criterion of MMSE, referred as MMSE-VP, which outperforms CVP and regularized VP [7] throughout the entire signal-to-noise (SNR) regime.
A. PRACTICAL OBSTACLES OF VP PRECODING
Robust design for linear precoders have been widely studied as in [12] , with regards to non-linear precoding scheme VP, the obstacles on the way to practical usage are mainly on two aspects: CSI imperfections and inaccurate power scaling factors.
It has been demonstrated in [7] and [13] that regularized VP and MMSE-VP outperform CVP in the entire range of SNR if perfect CSI is available at transmitter and power scaling factors is known in advance of transmission at the receivers ideally. In fact, due to the limit of available time and frequency resource to obtain a reasonable spectral efficiency and the causality of transmission, perfect CSI and power scaling factors are only available in ideal scenarios. In practice, only a degraded version can be achieved through feedback or feed-forward link.
As shown in [14] , the accuracy of the CSI plays an important role on VP precoding: the number of feedback bits must increase linearly SNR if we want to obtain the same performance. Besides the demand of CSI at transmitter, it's also challenging for the receivers to get precise power scaling factors for detection. In order to satisfy the power constraint at the transmitter, in VP, the transmitter have to apply a channeland data-dependent power normalization. The receivers are assumed to have known the exact power scaling factor to remove the perturbation quantity for correct detection in CVP. Under a long-term average transmit power constraint in the ergodic regime, the demand for power scaling factors may not be a problem: with an increasing transmission block length, the power scaling factor will converge to a fixed limit [7] which can be assumed to be known to the receivers in advance. However, in fast fading regime or under a short-term average transmit power constraint, to perform the detection correctly will result significant transmission overhead to feed-forward the instantaneous channel-and data-dependent factors to the receivers.
B. RELATED WORK
To better deploy VP precoding in a more practical manner, several approaches have been put forward to tackle with CSI and power scaling factors issues. As noted in [16] , within MMSE criterion, the statistical property of CSI error can be treated as an integral part in the precoder design process, which helps improve the robustness of VP precoding. It is worth noting that the MSE minimization approach has been successfully applied to obtain VP precoder designs taking the CSI error into account in various multiuser downlink transmission scenarios: [15] investigated the MMSE-VP precoder design under quantized feedback following the rate-distortion theory, [16] studied how the quantization would affect performance of VP, it also point out that different from linear precoding schemes, channel magnitude information (CMI) availability offers favorable performance improvements to non-linear precoding schemes like VP and THP.
Several schemes have been proposed to circumvent the need of power scaling factors, [17] and [21] proposed a VP based precoding scheme that the detection can be perfectly performed without knowing the power scaling factor at the receivers. However, the scheme is only applicable for a specific modulation scheme ''QPSK'' which has the features of both quadrature amplitude modulation (QAM) and phase shift keying (PSK), and can not support higher order modulation schemes when it comes to a higher demand of rates. Due to such limitations, it is hard tow put schemes in [17] forward into practical scenarios which are mostly rate sensitive.
In [18] a modified VP precoding scheme called transmit outrage precoding (TOP) was proposed, where a power scaling factor is agreed in advance of transmission and hence known to the receivers. During the transmission, the predefined power scaling factor would lead to a violation of the power constraint, i.e., the transmit power may not be sufficient to invert the channel, which is referred to as transmit outrage. TOP refrains from transmitting in such cases, which is not applicable in practical systems as intentionally discarding some data may cause re-transmission, and the transmission may drop into outage for a long period of time if the channel varies slowly, however, in fast fading scenarios, it is hard to obtain the predefined power scaling factor due to rapid channel changes.
As it is hard to obtain a practical VP precoding scheme without transmitting power scaling factors, this paper proposes a robust VP precoding scheme for a more general scenario where receivers obtain the power scaling factor through a limited feed-forward link. In this scenario, only quantized version of the scaling factors is available, as averaged over the basic physical time-frequency resource block (RB) before, VOLUME 7, 2019 the inaccurate power factor would cause a performance floor as illustrated in [19] .
C. MOTIVATIONS AND CONTRIBUTIONS
Prior works aimed to tackle the issues of deploying VP precoding practically assumes either imperfect CSI [16] or power scaling factor [19] , unfortunately, both imperfections may appear at the same time in real transmission. To the best of the authors' knowledge, there is no related work on the design which considers imperfect CSI and power scaling factor errors jointly for VP precoding. Motivated by the fact that robust VP precoders can minimize inter-user interference and interference introduced by noise [13] , imperfect CSI [15] , [16] , or inaccurate power scaling factors [19] under MMSE criterion, we propose a joint robust design of VP precoder.
For reasons of clarity, we summarize the contributions of this paper as follows.
• We propose the VP precoding system model with both imperfect CSI and inaccurate power scaling factors.
• We derive the mean square error (MSE) expression jointly take noise, imperfect CSI and inaccurate power scaling factors into consideration.
• We propose a robust VP precoder with the derived MSE expression under MMSE criterion.
Simulation results show that the proposed robust VP precoder could gain a similar performance with schemes proposed in [13] , [15] and [19] at low SNR region, and offers a favorable performance advantage at mid to high SNR regime as the performance is limited by the accuracy of power scaling factors, all these MMSE based VP precoding schemes outperforms CVP throughout the entire SNR regime.
D. PAPER OUTLINE
The rest of this paper is organized as follows. In Section II we present the system model of MIMO-BC, and review CVP and MMSE-VP. CSI error model and power scaling factor error model are presented in Section III, with which we propose a robust VP precoder under the MMSE criterion. In Section IV we present the performance of proposed precoder, Section V concludes this paper, respectively.
E. NOTATIONS
In this paper, super scripts (A) T , (A) H denote the transpose, the conjugate transpose of matrix A. x denotes the Euclidean norm of vector x. I M is the M × M identity matrix. E n stands for taking expectation over n. (c), (c) denotes the real and imaginary part of c.
• denotes the floor operation.
II. PRELIMINARIES
In this section, we first introduce the MU-MISO BC system model, we then review conventional VP [7] and MMSE based VP [13] whilst giving a simple example of how the accuracy of power scaling factors will affect detection. 
A. SYSTEM MODEL
We assume the base station deploys N t antennas and serves N r non-cooperative single antenna users simultaneously, which follows N r ≤ N t . Here we assume single antenna users to better focus on the precoder design and compare the performance with respect to [13] , [15] and [19] . Channel vector of user i is denoted as
T , where h i,j signifies the channel gain between the jth transmit antenna and ith user.
In this paper, we suppose the channel gain to be independent and identically distributed (i.i.d) complex Gaussian random variables with zero mean and unitary variance. The received signal at user i is given by
where x is the transmit vector, n i ∼ N C 0, δ 2 n is the complex Gaussian noise at user i. Under the unit transmit power constraint, we can define SNR as
By stacking the received signal of N r users, we can obtain the received vector as
where H is the channel matrix formed by stacking the channel vector of each user in a column as H = h 1 , · · · , h N r T , n is the additive noise vector, where the ith element n i corresponds to the noise at user i. At the base station, bit data stream a generates the symbol data vector
QAM. In [6] , Peel et al. point out that linear precoding techniques suffer a severe performance loss and can not access the sum capacity of MIMO system which grows linearly with the minimum of the number of base station antennas and users, they then promoted a lattice based precoding scheme in [7] as the origin of VP, which could achieve near capacity sum rates of MIMO BC.
B. REVIEW OF CVP
The system diagram of VP precoding is shown in Fig. 1 . Note there are more than one users in MU-MISO systems which can perform signal detection independently, we only draw one here to demonstrate the transmit and receive process. The basic idea of VP is to reduce the effective transmit power by perturb the data vector u with scaled Gaussian integers u , which is so called perturbation vector. The perturbation vector u is selected to minimize the effective transmit power under the following criterion
where l is a complex Gaussian integer vector of N r dimension, the scale factor τ is determined by the modulation scheme. In this paper, we follow the definition in [7] , where τ is set as τ = 2 c max + 2 , where c max is the absolute value of the constellation point(s) with the largest magnitude, and is the spacing between constellation points. Then the transmit vector x is formed by multiplying the perturbed data vector u + u with a N t × N r precoding matrix P, and is further normalized to unit power at the transmitter to fulfill the transmit power restriction as
where β = P (u + u ) 2 is the power scaling factor, and it was called normalization factor in [7] to emphasize its affect on transmitter, we focus on its effect in detection instead in this paper. It's obvious that β is determined by both precoding matrix P and data vector u, as u is solved by sphere decoder with (4). Substituting (5) into (3), the received vector at users can be written as
It is assumed that users could have known the scalar β for every transmit vector x perfectly as in [7] , which is quite hard to obtain in real-world transmission, we will talk about the specific reasons in III-B in detail. The received signal vector recovered by β is denoted as r = βy
User i further detects its data symbol u i by performing modulo operation on the recovered symbol aŝ
The modulo operator, which translates βy i into constellation region if there is no additional noise, is defined as:
where the constellation region is defined as:
After modulo process, both the real part and the imaginary part of the operand were mapped to the interval − τ 2 , τ 2 , and the demodulator selects the constellation point with minimum Euclidean distance and maps it to the correspondence bit sequence. As shown in Fig. 2 , we point out how the modulo process with a wrong power factorβ would affect the detection with QPSK (4QAM). The modulated signal symbol of user i is u i , if the receiver could recover the symbol correctly, after demodulation of βy i , the user could recover the transmit symbol as ''1 + i''. However, with an inaccurate power factorβ, after the modulo process, the received symbol y i would be mapped to the decision region of u i as we can see from Fig. 2 . Unlike channel noise which always disturb the modulated symbol to the neighbor one, which means only 1-bit error within gray-coding. With an inaccurateβ, even if the number of erroneous symbols hold equal, more error bits would occur, as the symbols would be mapped to a diagonal constellation point, which is more troublesome for channel coding techniques to modify.
C. REVIEW OF MMSE-VP
To introduce the MMSE criterion based vector precoding, we first define a deviation vector, which measures the distortion between the scaled received vector βy and the perturbed data vector u + u , as
Given the data vector u and channel matrix H, the mean square error (MSE) as a function of u and P is expressed as
The optimal precoding matrix P o that minimizes (12) is solved following [13] :
Together with (4) and (13), the optimal perturbation vector u can be obtained through
Here we use s = u + u to denote the perturbed signal vector for short. (14) is obtained using the relation VOLUME 7, 2019 (I + AB) −1 A = A(I + BA) −1 . With Cholesky factorization [23] , (14) can be further rewritten as (15) where (15) with (4), both u and u o can be solved effectively with the sphere decoder, as they share the same form.
III. ROBUST VP PRECODER DESIGN
In this section, we first introduce the channel model and power scaling factor feed-forward model for the derivation of MSE, then we propose a robust VP precoder based on the derived MSE under MMSE criterion.
A. CHANNEL QUANTIZATION MODEL
Channel state information at transmitter is usually obtained through sending training pilots to the receivers and then the receivers feed processed information of CSI back via a limited link, based on which the transmitter used to reconstruct the channel vector h i for i = 1, · · · , N r . The reconstructed channel vector of user i is called as quantized channel vector and is denoted asĥ i = ĥ i,1 , · · · ,ĥ i,N t T ∈ C N t . The average square-error distortion between h i andĥ i is defined as:
With respect to a constraint D on the average distortion, the lower bound of feedback load, denoted as R (D) is given following the rate distortion theory [24] as
The equality is achieved only when the following two conditions met: first, N t elements of h i are independently quantized with a distortion constraint D N t . In this paper, we let σ 2 h = D N t and term it as quantization noise power of channel; second,ĥ i,j and h i,j = h i,j −ĥ i,j are independent random variables following zero-mean complex Gaussian distribution with variance 1 − σ 2 h and σ 2 h . As quantized individually, quantized channel vectors and quantization noise of different receivers are independent. Stacking the quantized channel vectors, the quantized channel matrixĤ ∈ C N r ×N t can be formed asĤ = ĥ 1 , · · · ,ĥ N r T . The quantization noise matrix H ∈ C N r ×N t is further defined as
B. POWER SCALING FACTOR MODEL
As mentioned in Section I, it is impossible to process VP precoding correctly without power scaling factor information at receivers. However, it is hard and cost-expensive to deliver accurate power scaling factors at the receivers. The reasons mainly lies in the following aspects. 1) Power scaling factor is data-and channel-dependent as the perturbation vector underlying VP results in an infinitely symbol constellation where each data vector is represented by an equivalence class. The use of an infinitely large constellation imposes unrealistic requirements on the dynamic range of transceiver chain. As the transmit data vector u may change even if the channel response can be seen constant within a coherence time interval, power scaling factor for each transmit vector varies independently with data in a large dynamic manner. 2) As in communication standards like 4G long-term evolution (LTE) [20] , as the time-frequency resource is limited and it would degrade the spectral efficiency if too much of them are allocated for information other than effective data, the base station could only send several signaling symbols like cell-specific reference signal (CRS) and demodulation reference signal (DMRS) through a so-called feed-forward link. To obtain a fair spectral efficiency, the power scaling factors calculated at transmitter can only be sent via a low rate feed-forward control channel. As β has a large dynamic range depending on channel information H and data vector u [18] , it is hard to obtain an error model of the absolute value of β. To ease the analysis and give a theoretical insight into the design of robust VP precoder, we move on to the relative error model: we denote the power factor receivers get through the feed-forward link isβ, the error scalar of power scaling factor can be expressed as
assume the normalized power scaling factor error
β is a Gaussian random variable that follows zero-mean Gaussian distribution with a variance of σ 2 q . The trade-off to increase the accuracy of estimating power scaling factors (lower σ 2 q ) by increasing the feed-forward bits B will spare more time-frequency resource in limited scenario. As from our simulation results, with a codebook generated by Lloyd-Max algorithm [22] , the resulting σ 2 q for different number of feedback bits is illustrated in Table. 1.
C. PROPOSED VP PRECODER
With the aforementioned CSI model and power scaling factor model, we propose a robust VP precoder which is less sensitive to CSI errors and power scaling factor errors.
The received signal vector at the receivers can expressed as:
89166 VOLUME 7, 2019 As the receivers can only get an incorrect power scaling factorβ, the received signal vector recovered withβ can be denoted as r =β β HP r u + u r +βn (21) Together with (18) and (21) 
and
Together (24), (25), (26) with the independence of β β , H, and n, the MSE as a function of perturbation vector u r and precoding matrix P r is obtained as
We would like to find a joint optimum of perturbation vectors u r and precoding matrix P r that could minimize ε:
u r , P r = arg min ε (28)
Lemma 1: The optimal precoding matrix P r that could minimize the MSE is given as
Proof: See Appendix. With the optimal precoding matrix P r , the optimum of perturbation vectors u r can be solved with Cholesky factorization and sphere decoder as that in (15) . Substituting u r and (29) into (27) leads to the MSE of proposed design as
It can be observed that for σ 2 h = 0 (no CSI errors), (29) reduces to
which matches the expression introduced in [19] . (29) reduces to that in [15] when σ 2 q = 0 (perfect power scaling factors) and [13] when only noise exists. Furthermore, MMSE based VP precoder design for different scenarios can be summarized as in Table. 2. It is clear that those equations share the same form of MSE ε and precoding matrix P. To sum up, it is possible to apply a unified algorithm with different parameters to different scenarios as shown in Algorithm. 1.
Algorithm 1 Unified Algorithm For MMSE Based VP
Input: u and H orĤ Output: x Parameters:
Step 1: Choose the correspond F i according to the scenarios respectively:
Step 2: Perform Cholesky factorization on F i and thus find correspond
Step 4: Compute:
IV. PERFORMANCE EVALUATION
This section presents and compares the performance and complexity of the proposed VP precoders with CVP [7] and existing MMSE based VP precoders in [13] , [15] , [19] . First under fixed CSI accuracy and power scaling factor accuracy scenario, then we explored if the accuracy of CSI and β plays the same role to the performance of VP precoding. We note that the obtained precoders can be applied to any MU-MISO system in general. However, to demonstrate the VOLUME 7, 2019 benefit of VP with a reasonable complexity for implementation, we consider a full-load system (N t = N r ) in these simulations.
A. SIMULATION RESULTS
Performance is evaluated in terms of coded bit error rate (BER) versus signal-to-noise ratio (SNR) with 1 2 rate Turbo code. The modulation scheme is 16QAM, and τ is set following [7] . We average the performance over 10000 transmission time intervals (TTI) within 3GPP channel models [26] , the channel scenario is set as 'urban-macro' cell. The ideal scenario means that transmitter could obtain perfect information about CSI for precoding and an accurate version of power scaling factor is available at the receiver for detection. Scenarios with CSI and power scaling factor imperfections are set following the models defined Section III.
To observe the impact of CSI error and power scaling factor imperfections, Fig. 3 compares the performance of proposed precoder with CVP [7] under ideal scenario and imperfect scenarios, the associated simulation parameters are set fixed as scenario 1: σ 2 q = 0.015 and σ 2 h = 0.004 and scenario 2: σ 2 q = 0.004 and σ 2 h = 0.015. We can see that although both CVP and proposed precoder meet an error floor under imperfect scenarios, the error floor of proposed precoder is much lower than CVP in both scenarios. It is clear that the proposed VP precoder can suppress the interference introduced by imperfect CSI and power scaling factor effectively compared to CVP. In Fig. 4 , we plot the performance of existing VP based precoders under limited feedback design and CVP. As we can see in Fig. 3 that an error floor occurs with a fixed σ 2 q and σ 2 h . When the feedback or feed-forward load is adjust in a way that fulfills σ 2 q = σ 2 h = σ 2 n , we can see the proposed scheme outperforms other MMSE based VP precoders. It is still of interest to explore whether the accuracy of CSI and power scaling factors plays the same role of VP's performance. Follow the definition of SNR, we define SPR (signal to power scaling factor error ratios) and SCR (signal to channel state information error ratios) as
To observe the impact of power scaling factor error, Fig. 5 compares the performance of proposed robust VP precoding with other MMSE criterion based VP precoders under fixed SNR and SCR, but with a varied SPR. We can see from Fig. 5 that with a fixed SNR and SCR, the BER performance of all VP based precoders decrease smoothly at low to mid SPRs, while it starts to drop sharply at around 14 to 16 dB. It is clear the proposed scheme outperforms other existing MMSE based VP precoders and CVP, the performance gap between proposed scheme and other precoders is more obvious at high SPRs. From Fig. 6 we can see that, the BER performance of all VP based precoders drops linearly through the SCR region, and the proposed scheme has a stable advance of around 4dBs than CVP, which means the proposed scheme will need less resource for the same BER performance.
Together with Fig. 5 and Fig. 6 we can see that, under practical resource limit scenario, leaving more resource for the accuracy of CSI offers a linear performance increase, and if we spend more resource for a lower σ 2 q , the performance gain may be small at first, but if we can reach a mid SPR, it will bring considerable gain if we can get more accurate power scaling factors at receivers. This phenomenon may give some guidelines on when to allocate resources to get a better CSI or power scaling factors.
B. COMPUTATIONAL COMPLEXITY ANALYSIS
When it comes to complexity analysis of VP-based precoding schemes, unlike linear precoding schemes such as ZF precoding and MMSE precoding, the complexity analysis of VP based precoder always lies into two fields: the processing of front-end precoding matrix P and the searching for perturbation vector u . We can conclude from the analysis below that the proposed VP scheme always share the same computation complexity with aforementioned MMSE based VP schemes [13] , [15] , [19] and CVP [7] .
1) COMPLEXITY OF FRONT-END PRECODING MATRIX
To compare the complexity of processing front-end precoding matrix P, Table. 2 shows the precoding matrix form of different VP schemes, from which we can see precoding matrix of proposed scheme shares the same form with that in [13] , [15] , [19] , which is a regularized form of CVP [7] . As has been well studied in linear precoding, the complexity of computing precoding matrix P is cubic in the number of users, which could be represented as O(N r 3 ).
2) SEARCH FOR PERTURBATION VECTOR
As noted in Algorithm. 1, searching for perturbation vector is done via a sphere decoder. The complexity of the sphere decoder grows exponentially with the number of users N r as has been well studied in [9] , [27] and [28] . As all these VP based precoder use sphere decoder to find the optimal perturbation vector, the complexity of searching perturbation vectors for proposed scheme and [13] , [15] , [19] would be the same as that in CVP.
V. CONCLUSION
We have designed the MMSE-VP precoder under the joint effect of imperfect CSI and inaccurate power scaling factors. Firstly, using the power scaling error model in [19] and CSI error model in [15] , a closed-form expression of the resulting MSE between the channel input and output is derived. with the derived MSE expression, we propose a robust VP precoder within MMSE criterion. Simulation results show that, under the affect of imperfect CSI and inaccurate power scaling factors, the proposed MMSE-VP precoder can achieve a lower error floor at mid to high SNR regions compared with existing VP precoders, while obtaining the same performance at low to mid SNRs with other MMSE based VP precoders, which is much better than that of CVP. Moreover, compared with imperfect CSI, VP precoding is shown to be more sensitive to the accuracy of power scaling factors, while the proposed MMSE-VP scheme can obtain a better robustness.
APPENDIX

Proof of Lemma 1:
Note that x and β are continuous variables, but u is a discrete vector, the problem is a mixed integer optimization problem. Following an approach similar to [13] , [16] and [25] , first, we assume the optimum perturbation vector u is given and optimize over x and β using the Lagrangian approach, which will lead to a unique solution as the global optimum for fixed u . Then, we further minimize the MSE by searching over u under the assumption that the optimum x and β for the respective u is employed.
With s = u + u and x = 
Note that β and P are continuous, while u can only take discrete values, the problem in (35) is a mixed integer optimization problem. We follow an approach similar to [13] , first, we minimize the MSE with respect to β and P for a given u using the Lagrangian approach, then by substituting the obtained β and P, minimization of u is given. The Lagrangian function is written as 
Take the transpose of (38) 
